Abstract-The echo statistics of a randomly rough, randomly oriented prolate spheroid that is randomly located in the beampattern are investigated from physics-based principles both analytically and numerically. This is a direct-path geometry in which reflections from neighboring boundaries are not a factor. The statistics and, in particular, the tails of the probability density function (pdf) and probability of false alarm (PFA) are shown to be strongly non-Rayleigh and a strong function of shape of scatterer. The tails are shown to increase above that associated with a Rayleigh distribution with increasing degree of elongation (aspect ratio) of the scatterer and when roughness effects are introduced. And, as also shown in previous studies, the effects associated with the scatterer being randomly located in the beam contribute to the non-Rayleigh nature of the echo.
. Elongated object that is randomly oriented and randomly located in beam. Directional characteristics of the system aperture such as from sonar or radar and scattering are illustrated which, when taken into account either separately or in combination, can cause non-Rayleigh echoes.
as in the case of ping-to-ping fluctuations with a randomly rotating object. Furthermore, when the object is randomly located in the beam, the echo will also vary due to the corresponding random value of the beampattern ( Fig. 1) . To adequately characterize the echo statistics due to an elongated scatterer, it is important to take into account its shape, orientation distribution, and the beampattern effects.
Many studies to date have characterized echo statistics from targets or clutter fields using statistical functions whose parameters are generally not connected or are loosely connected to the physics of the scattering or system effects such as beampattern and signal characteristics [1] [2] [3] [4] . While those functions have sometimes successfully fit experimental data, they are generally not predictive. For example, they may only apply to the same system and type of scatterer as in the data analyzed. Once the scatterer or system is changed, then the previous parameters of the statistical function may not be used. For predictive characterization of the echo statistics, the statistical function needs to be derived by explicitly incorporating the physics of the scattering and system characteristics. With this approach, parameters of the statistical function (such as shape parameter) can be related directly to the scattering process and system parameters.
Various physical phenomena have been incorporated into the echo statistics in other studies to date. For example, statistical effects associated with the beampattern were derived by Ehrenberg for a single scatterer randomly located in the beam [5] . These results were later extended in a paper by Chu and Stanton 0364-9059 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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in which the echo statistics due to an arbitrary number of scatterers randomly located in the beam were described [6] . Although the general formulation was written so that the probability density function (pdf) of the echo from the scatterer (before beampattern effects) was arbitrary, the formulation was evaluated for the case in which the echo pdf (before beampattern effects) was Rayleigh distributed. These studies demonstrated that for one or several simple scatterers randomly located in the beam, the echoes were strongly non-Rayleigh. Here, "simple" means being a point scatterer or one with a Rayleigh-distributed echo before beampattern effects. For realistically shaped complex objects, the echo pdf (before beampattern effects) may be strongly non-Rayleigh, which needs to be accounted for [7] . Specifically, the degree to which the object is elongated, its orientation distribution relative to the incident field, and roughness can cause the echo to be strongly non-Rayleigh. In this paper, we investigate these effects. The problem is formulated specifically in terms of scattering by a randomly oriented prolate spheroid that is randomly located in the beam. The prolate spheroid is first considered to be smooth, but then later roughness is introduced heuristically. The echo distribution with and without beampattern effects is studied in terms of the random orientation, shape, and roughness of the prolate spheroid. The problem is first investigated theoretically and then validated through numerical simulations.
Because of the many complexities of this problem, the predictions are limited to the following conditions.
1) The scattering is calculated in the high-frequency geometric optics limit in which the wavelength of the incident field is much smaller than any dimension of the object. 2) All motion-changes in location and orientation-is in the same fixed plane that contains both the maximum response axis (MRA) of the beam and the scatterer as illustrated ( Fig. 1) . This plane will be referred to as the fixed MRA-scatterer plane. The major axis of the prolate spheroid also lies in this plane.
3) The pdfs for location and orientation in 2) are constant. 4) Only direct path scattering is considered in which scattering by neighboring boundaries is not a factor. Although one of the restrictions limits the geometry to the 2-D case, there is at least one important case in which this work directly applies: the case in which a horizontally looking beam is placed at the same depth/altitude as the scatterer which exhibits yaw but not pitch. In addition, Bhatia has performed a side-by-side comparison between the 2-D and 3-D geometries with point scatterers and demonstrated that the results are qualitatively similar [8] . Given the computational expense of incorporating prolate spheroids into a 3-D geometry, we limit the study to the 2-D case for direct application to certain 2-D geometries and to give insight into 3-D geometries.
II. OVERVIEW OF THEORY AND GENERAL STATISTICAL FORMULATION
The echo statistics will be formulated explicitly in terms of the physics of the scattering by the individual scatterer (prolate spheroid) and system parameters. This physics-based approach involves a sequence of steps, including describing the deterministic scattering by an arbitrarily oriented prolate spheroid that is arbitrarily located in the beam, and then randomizing the parameters, which results in a randomized echo. In this high-frequency limit, the scattering by a smooth prolate spheroid is calculated through the use of the Kirchhoff approximation. Roughness is later introduced heuristically by modulating the deterministic scattering at a fixed orientation with a Rayleigh pdf. This is based on the fact that rough bounded objects have resulted in Rayleigh-distributed echoes at high frequencies [9] , [10] . Beampattern effects are incorporated through a direct use of the formulation first derived by Ehrenberg in which the beam is considered to be a random variable because the scatterer is randomly located in the beam [5] .
Since the scatterer is randomly located in the beam at angle and the beampattern is a function of the random variable , then can be treated as a random variable. We will refer to the pdf associated with this random variable as the "beampattern pdf." With the echo from the scatterer (before beampattern effects) also being a random variable, then the echo received by the system (including beampattern effects) is the product of the two independent random variables, the beampattern and echo before beampattern effects (1) where is the magnitude of the echo from the scatterer as observed by the sonar/radar system and includes beampattern effects, and is the magnitude of the backscattering amplitude of the scatterer (i.e., echo without beampattern effects). For simplicity, system sensitivity and spreading losses are not included in the equation. The target strength can be related to through the equation where is the differential backscattering cross section. The units of and are suppressed.
Ehrenberg directly applied classic statistical formulas to (1), which involve expressing the pdf of the product of two random variables in terms of the pdfs of the individual random variables [5] , [11] . After a change of variables, Ehrenberg derived the following: (2) where is the pdf of , and and are pdfs of and , respectively. Due to the complex analytical description of and the presence of as a function argument within the integral, finding an analytical solution for (2) is very difficult, and it is normally evaluated numerically except for some limiting cases.
In the below analysis, the beampattern pdf from a circular aperture is first reviewed. The stochastic properties of the scatterer are then investigated for the case of a randomly rough, randomly oriented prolate spheroid. Finally, those two pdfs are combined through the use of (2) to formulate the echo pdf of the prolate spheroid with beampattern effects. Because of the similarity in formulations, the general form of the integral in (2) is also used to describe the echo statistics from a randomly rough prolate spheroid before beampattern effects.
III. BEAMPATTERN PDF
We summarize the approach used by Ehrenberg to calculate the beampattern pdf. Since the beampattern is a function of the random variable , the following formulation is used [5] : (3) where the summand is summed over each th piecewise monotonic section of the beampattern and is the number of sections, all of which are contiguous. The term is the pdf of the scatterer position . This expression was used by Ehrenberg and in the below analysis for a rotationally symmetrical beampattern. However, it also applies for the case of an asymmetrical beampattern, such as for a rectangular aperture, when the location of the scatterer is limited to a single plane (and, hence, requires only a single variable to describe the location).
The prolate spheroid is assumed to be at any location in the fixed MRA-scatterer plane with equal probability. For a beam that is symmetrical in the fixed MRA-scatterer plane about , can be described as
When measuring the echo amplitude of an object using a monostatic system, the amplitude of the composite beampattern is the product of the transmit and receive beams. That is (5) In this paper, the same aperture is used for both transmission and reception (i.e., ), and is assumed to be circular and uniformly weighted. The composite amplitude of the two-way beampattern in this case is (6) where is the wave number of the signal, is the radius of the aperture, and is the Bessel function of the first kind of order 1.
Equations (4) and (6) are substituted into (3) to derive the beampattern pdf (Fig. 2) . This curve may also be interpreted as the pdf of the echo from a smooth sphere or point scatterer in the beam, i.e., a scatterer with a delta-function-distributed echo before beampattern effects. Note the singularity at the maximum echo amplitude. This is a consequence of the scatterer lying in the fixed MRA-scatterer plane and being a constant. For a scatterer randomly located throughout the beampattern (i.e., throughout space), the area of the annular rings becomes a factor and that ("tail") section of the echo amplitude pdf is a line with constant slope and no singularity at the maximum value [5] . Once the pdf with the singularity is integrated with the echo, statistics in each case are qualitatively similar [8] . As discussed above, because of the similarity, the computationally simple 2-D case is explored not only for direct . This corresponds to a beamwidth of approximately 30 . The scatterer is assumed to be randomly and uniformly located in the plane containing the fixed MRA-scatterer plane. The pdf for narrower beams is qualitatively similar [8] . The plot is divided into two sections as indicated, delineated at the peak near . The section of the plot labeled "Mainlobe" includes only the portion of the mainlobe above the highest sidelobe level. The "Sidelobes" section includes contributions from all sidelobes, as well as that portion of the mainlobe which is below the highest sidelobe level.
applications to simple geometries, but also to give insight into the computationally expensive 3-D case.
IV. SCATTERING BY PROLATE SPHEROIDS (NO BEAMPATTERN EFFECTS)
This approach begins by describing the deterministic scattering by an arbitrarily oriented smooth prolate spheroid using the Kirchhoff approximation. The orientation is then randomized, and stochastic effects due to roughness are heuristically taken into account. The scattering is treated separately from beampattern effects in this section. Beampattern effects are accounted for in Section V.
A. Deterministic Scattering (Fixed Orientation, Smooth Spheroid)
For simplicity, and as mentioned above, the major axis of the prolate spheroid is assumed to lie in the fixed MRA-scatterer plane. Orientation of the spheroid is relative to the plane whose normal is the MRA, as illustrated in Fig. 1 . With the angle at which the scatterer is located in the beam denoted as , the angle of incidence is then . Using the Kirchhoff approximation, the magnitude of the high-frequency (geometric optics) backscattering amplitude from an arbitrarily oriented smooth prolate spheroid is [12] ( 7) where is the angle between the direction of the incident signal and the plane that is normal to the lengthwise axis of the prolate spheroid (Fig. 1) . When , the spheroid is broadside-on with respect to the incident wave and represents the end-on case. The term is the length of the semimajor axis of the prolate spheroid and the semiminor axes are of equal length . These latter terms are not to be confused with the beampattern notation . The length and the width of the scatterer are thus and , respectively. The aspect ratio of the prolate spheroid is defined to be (or length/width). The scattering is a strong function of this ratio and orientation (Fig. 3) .
For the case of broadside incidence, (7) reduces to (8)
B. Stochastic Effects (Random Orientation, Smooth Spheroid)
Accounting for the statistics of the backscattering amplitude of a randomly oriented scatterer with directional scattering properties is conceptually similar to accounting for the statistics of an echo from a point scatterer randomly located in a directional beam (Fig. 1) . In fact, the corresponding equations are functionally similar, if not identical to each other, as shown below.
The prolate spheroid is assumed to be at any orientation with equal probability. Thus, the pdf of is (9) which is identical to (4) when describing the pdf of the scatterer location in the beam.
To describe the randomized scattering amplitude of the prolate spheroid, the pdf of the angle of incidence needs to be formulated. From , and since and both vary randomly and uniformly over the full range of angles, then their sum also varies randomly and uniformly over the full range of angles, giving (10) Fig. 4 . PDFs of magnitude of scattering amplitude for smooth prolate spheroids that are oriented and located randomly and uniformly in the fixed MRA-scatterer plane. Beampattern effects are not included.
The magnitude of the backscattering amplitude is a function of , which is a random variable. Thus, is a random variable as well. Using the same equations as in deriving the beampattern pdf in (3), the probability density of can be expressed as (11) The above formula has a simpler form than (3) since the function in this case is monotonic throughout its full range of values. The pdf of the backscattering amplitude from a randomly oriented smooth prolate spheroid has characteristics that are similar to those of the beampattern pdf (Figs. 2 and 4) . In each case, there is a straight line section on a log-log scale with one or more singularities. The singularities in the case of the scattering by the spheroid take place near values associated with broadside and end-on incidence, that is, where the plot of versus has a slope of zero (Fig. 3) causing the denominator in (11) to be zero.
C. Stochastic Effects (Random Orientation, Rough Spheroid)
It has been shown that scattering at short wavelengths by randomly rough bounded objects at fixed orientations can be Rayleigh distributed [9] , [10] . Given the complexity of the scattering by rough objects, stochastic effects due to the surface roughness of the spheroid are modeled in a heuristic manner. The echo from the rough spheroid at a fixed orientation will be modeled as an echo from a smooth spheroid at that orientation that is modulated with a Rayleigh-distributed random variable. After normalization, the Rayleigh random variable will have a root mean square (rms) value of unity. Once the orientation is randomized, calculation of the resultant echo involves the product of two random variables, just as in the case above concerning a scatterer that is randomly located in a beam. Drawing from the general statistical equation used to derive (2), the formula for the pdf of the magnitude of the backscattering amplitude of a randomly rough, randomly oriented prolate spheroid is (12) where and are the distributions of the magnitude of the backscattering amplitudes of the rough and smooth prolate spheroids, respectively, and is the Rayleigh pdf with unity rms value. As in the case of the beampattern pdf, (12) is evaluated numerically using Matlab (Fig. 5) . With roughness now included, the echo pdf is dramatically different from the previous case involving smooth spheroids (Fig. 4) . For example, with roughness included, each curve is smoothly varying, has a mode, and there are no singularities.
V. SCATTERING BY RANDOMIZED PROLATE SPHEROID WITH BEAMPATTERN EFFECTS
The above separate results for the pdf of the beampattern and the pdf of the magnitude of the scattering amplitude of a randomized prolate spheroid are now combined. Since this involves the product of two random variables (beampattern and magnitude of scattering amplitude), (2) is used by substituting in (12) for in (2) . The system echoes associated with various levels of complexity are examined, that is, the cases of a point scatterer, Rayleigh scatterer (such as a rough sphere), smooth prolate spheroid, and rough prolate spheroid (Figs. 6-8 ). Also, a Rayleigh distribution is superimposed to illustrate the degree to which the above distributions are non-Rayleigh. The system echoes (horizontal axes) in the figures are normalized by their rms values.
Some important characteristics of the echo amplitude pdfs are apparent (Figs. 6 and 7) . For example, the pdfs and, very importantly, the tails of the pdfs are a strong function of scatterer type. Generally, the tail increases with increasing complexity (point scatterer through randomly oriented rough prolate spheroid) and increasing aspect ratio of the spheroid.
Also, the echo pdfs of the point scatterer and smooth prolate spheroid have a finite maximum echo value, and the probability of obtaining a stronger echo is zero. This is intuitively correct, as the point scatterer returns the strongest possible echo when and the smooth prolate spheroid does so when both and are 0. For the case of a rough scatterer, the beampattern value, which has an upper limit at the MRA, is modulated by a random variable that contains the Rayleigh pdf and has no theoretical upper bound. Therefore, there is a small nonzero probability of obtaining an echo amplitude of any arbitrarily large value in this theoretical construct.
The probabilities of false alarm (PFAs) for each of the cases discussed previously are also studied (Fig. 8) . Similar to the calculations of pdfs, the tails of the PFAs for each case are non-Rayleigh and increase with increasing complexity and increasing aspect ratio.
VI. NUMERICAL VALIDATION
To verify the calculations of the pdfs using the analytical formulas in Sections II-IV, the rough prolate spheroid case was simulated using Monte Carlo methods (Figs. 5 and 7) . This involved direct use of the theoretical formulas for calculating the beampattern [see (6) ] and the scattering amplitude of the smooth prolate spheroid [see (7)]. However, each of the variables associated with the beampattern and smooth prolate spheroid that were randomized above is numerically generated according to the appropriate random distribution. To account for the roughness, the echo amplitude is multiplied by a Rayleigh random variable which was also generated numerically.
To obtain an accurate simulation of the tail of the pdf, many events with probabilities below 10 must be evaluated. To ensure a statistically significant number of samples even at very low probabilities, several million prolate spheroids with random (2) and (12), while the circles are the results of Monte Carlo simulations for numerical validation, discussed in Section VI. The plot on the right provides a zoomed-in view focusing on the tails of the pdfs for various aspect ratios. locations and orientations are generated. The data points obtained for their echo amplitudes are then binned with bin widths that were constant on a log scale. The number of spheroids assigned to each bin is normalized by the width of the bin and the entire curve is normalized to ensure that the area below the probability density is unity. This result is then compared to the computations involving the analytical formulas (Figs. 5 and 7) . As evident in these plots, there is generally close agreement between the Monte Carlo and analytically based methods, especially for the cases without beampattern effects.
As discussed above, the beampattern pdf for a circular aperture contains a number of singularities that occur when the differential of the beampattern function with respect to approaches zero (such as at the peak of a mainlobe or a sidelobe). For a numerically derived pdf, it is difficult to evaluate the integral of the function over a singularity. This explains why the comparison between analytically based and Monte Carlo data in Fig. 7 deviates in some regions.
Various computational issues associated with the numerical validation are described in the Appendix.
VII. SUMMARY AND CONCLUSION
Echo statistics for a randomly oriented, randomly rough prolate spheroid that is randomly located in a beam are derived from a combination of physical principles and fundamental probability theory. The formulation takes into account the beampattern effects of the sensing system, which are randomized due to the random location of the scatterer. The theoretical predictions were validated through numerical simulations.
The predictions show that the echo pdf from the spheroid in the beam is strongly non-Rayleigh. The degree to which it is non-Rayleigh and, specifically, the tail of the distribution increases with increasing complexity of the scatterer (point scatterer through rough spheroid) as well as increasing aspect ratio of the spheroid. It had long been known that beampattern effects and number of scatterers contribute to the non-Rayleigh nature of echoes. This study shows that the complexity of the scatterer also contributes to the non-Rayleigh nature of the echo and must be taken into account.
In contrast to previous studies that used generic statistical functions to describe the echo statistics and whose parameters were based principally or solely on data, the formulation described herein rigorously relates key physical characteristics of the scatterer and parameters of the transceiver system to the shape of the echo pdf. Thus, this physics-based approach is predictive and can be applied to a wide range of types of scatterers and transceivers.
Also, the calculations were limited to the direct path geometry, that is, no waveguide effects, and the case in which the orientation and location of the spheroid were varied uniformly over all angles in the fixed MRA-scatterer plane. The two important cases of a waveguide environment and arbitrary range of orientation and location are outside the scope of this current study. However, it has been shown in the first case that, in spite of the effects of a long-range multipath environment in which there are both reflections directly from the scatterer and from the boundaries, the echo from a long-range directional system can remain strongly non-Rayleigh [13] , [14] . Also, it is anticipated in the second case that once the orientation of the prolate spheroid spans all angles and the scatterer is located anywhere in the beam, i.e., neither quantity is limited to being in a plane, the results would be qualitatively similar. The results could differ significantly when the orientations and/or locations are limited to arbitrary ranges of angles.
APPENDIX COMPUTATIONAL ISSUES
All of the above computations are conducted using discrete sets of points in Matlab. The discrete nature of the data means that additional care must be taken while performing operations intended for continuous functions, especially derivatives and integrals. In particular, the integral in the formulation for the product of two random variables is difficult to evaluate with high precision. Ideally, Matlab's inbuilt routine for performing Simpson's method may be used to provide a very good approximation for an integral. However, this routine requires a function that can be expressed in closed form. Due to the complexity of the integral in (2), particularly the function argument , the pdf of the scattering amplitude of a rough prolate spheroid cannot be expressed in closed form, and Simpson's method cannot be used.
The product of two random variables is a commutative operation. In (12) , this allows for the arguments of the echo pdf of the smooth prolate spheroid and the Rayleigh pdf to be interchanged. Since the function with as an argument will require interpolation, we chose this function to be the Rayleigh pdf. This is because of the well-known closed form of a Rayleigh pdf, which Matlab's inbuilt routines can evaluate with high precision. Thus, the actual computations in this paper involve the commuted form of (12) .
While validating the beampattern pdfs using Monte Carlo methods [8] , the presence of singularities required the use of adaptive sampling. The singularities in the theoretical beampattern distribution arise at the maximum amplitude of the mainlobe and sidelobes, where the slope changes sign. The theoretical pdf has a peak near this amplitude that is so sharp that a Monte Carlo simulation with fixed bin widths and a reasonable number of realizations cannot account for it. The area under the singularity can lead to a significant difference in the theoretical and simulated curves once they are normalized. This issue was addressed by significantly (and adaptively) reducing bin widths near known singularities in the beampattern pdf. The bin widths were reduced until the area under the singularity converged to a constant value. This correction greatly improved the comparison between theoretical and simulated curves, although, as pointed out above, there were still some deviations associated with the singularities.
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